
1556-603x/13/$31.00©2013ieee may 2013 | ieee Computational intelligenCe magazine    77

Complex-valued neural networks 
(CVNNs) are artificial neural 
networks that are based on com-

plex numbers and complex number 
arithmetic. They are particularly suited 
for signal and information with com-
plex amplitude, i.e., amplitude and 
phase, as typically found in wave phe-
nomena including electromagnetic 
wave, light wave, sonic wave, electron 
wave, and electroencephalogram (EEG). 
In this decade, the application fields of 
CVNNs have been considerably 
expanded together with the develop-
ment of their theories and algorithms. 
This book covers the recent advances of 
CVNNs and their variants, demonstrat-
ing their applicability to optimization of 
telecommunication systems, blind 
source separation of complex-valued 
signals, N-bit parity problems, wind 
prediction, classification problems  
in complex domain, brain computer 
interface, digital predistorter design for 
high power amplifiers, and color face 
image recognition.

The contents of the book include not 
only conventional CVNNs but also qua-
ternion neural networks and Clifford-

algebraic neural networks, which are the 
extended neural networks utilizing 
hypercomplex number systems. The new 
methods and challenges for establish-
ment of these hypercomplex-valued 
neural networks are more highlighted, 
compared with the first-ever book on 
CVNNs published ten years ago [1]. The 
book reviewed here 
provides an excellent 
overview of the current 
trends in the research of 
CVNNs for students 
and researchers inter-
ested in computational 
intelligence as well as 
offers up-to-date theo-
ries and applications of 
CVNNs for experts and 
practitioners. The read-
ers can refer to the 
introductory textbook 
[2] on CVNNs for 
more  fundamenta l 
aspects and refer also to 
the book [3] for other 
research topics related to CVNNs.

The entire book is organized into 
ten chapters. The first chapter is an 
overview of the methods and applica-
tions of conventional CVNNs. The 
nine consecutive chapters focus on dif-
ferent kinds of CVNNs and hypercom-
plex-valued neural networks. Various 
methods relying on CVNNs and 
hypercomplex-valued neural networks, 
including learning algorithms, optimi-
zation methods, classification algo-
rithms, system estimation methods, and 
system predict ion methods, are 

developed in the individual chapters, by 
extending or generalizing the counter-
parts of the conventional artificial neu-
ral networks.

The book begins with an introduc-
tion to the theories and applications of 
conventional CVNNs. In the former half, 
the representative application fields of 

CVNNs are compactly 
presented. The engi-
neer ing applications 
include antenna design, 
beam-forming, radar 
image processing, sonic 
and ultrasonic process-
ing, communication sig-
nal processing, image 
processing, traffic signal 
control, quantum com-
putation, and optical 
information processing. 
In the latter half, the 
emphasis is placed on 
the difference between 
the CVNNs and the 
ordinary real-valued 

neural networks. It is shown in numerical 
experiments that a feedforward layered 
CVNN yields a better generalization 
ability for coherent signals compared to 
other methods.

Chapter 2 deals with CVNNs 
whose adaptable parameters lay on 
complex manifolds. Based on differen-
tial geometr ical methods, efficient 
optimization algorithms to adapt the 
parameters of such CVNNs are pre-
sented and successfully applied to  
signal processing problems. The prob-
lems include the purely algorithmic 
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problem of averaging the parameters 
of a pool of cooperative CVNNs, 
multichannel blind deconvolution of 
signals in telecommunications, and 
blind source separation of complex-
valued signal sources. It is beneficial 
that pseudocodes of the learning pro-
cedures for all of these problems are 
listed in this chapter.

Chapter 3 focuses on an N-dimen-
sional vector neuron, which is a natural 
extension of a complex-valued neuron 
in two-dimensional space to its 
N-dimensional version. First, relevant 
neuron models with high-dimensional 
parameters are briefly reviewed to locate 
the N-dimensional vector neuron. Next, 
the author defines the N-dimensional 
vector neuron which can represent  
N signals as one cluster and reveals its 
decision boundary to consist of N 
hyperplanes which intersect orthogo-
nally each other. The generalization abil-
ity of a single N-dimensional vector 
neuron is demonstrated for N-bit parity 
problem. Finally, the presented method is 
compared with other layered neural net-
works in terms of the number of neu-
rons, the number of parameters, and the 
number of layers.

In Chapter 4, learning algorithms 
with feedforward and recur rent 
CVNNs are systematically described by 
using Wirtinger calculus. The Wirtinger 
calculus, which generalizes the concept 
of der ivatives in complex domain, 
enables to perform all the computa-
tions of well-known learning algo-
rithms with CVNNs directly in the 
complex domain. For feedforward lay-
ered CVNNs, the complex gradient 
descent algorithm and the complex 
Levenberg-Marquardt algorithm are 
derived with the complex gradient. For 
recurrent type CVNNs, the complex 
real-time recurrent learning algorithm 
and the complex extended Kalman 

filter algorithm are obtained utilizing 
the Wirtinger calculus. Computer sim-
ulation results are given to verify the 
above four algorithms.

Chapter 5 presents associative mem-
ory models with Hopfield-type recur-
rent neural networks based on quater-
nion, which is a four-dimensional 
hypercomplex number. In the introduc-
tion to quaternion algebra, the defini-
tion of quaternion is given and its ana-
lyticity in the quaternionic domain is 
described. Then, stability analysis is per-
formed by means of energy functions 
for several different types of quaternion-
valued neural networks. The different 
types of recurrent networks are con-
structed with bipolar state neurons, con-
tinuous state neurons, and multistate 
neurons. All of these quaternion-valued 
networks are shown to work well as 
associative memory models by imple-
menting typical learning rules including 
the Hebbian rule, the projection rule, 
and the local iterative learning rule.

Chapter 6 concentrates on recur-
rent-type Clifford neural networks. This 
chapter starts with the definition of 
Clifford algebra and the basic properties 
of the operators in hypercomplex num-
ber systems. Subsequently, a Hopfield-
type recurrent Clifford neural network 
is proposed as an extension of the classi-
cal real-valued Hopfield neural network, 
with an appropriate definition of an 
energy function for the Clifford neural 
network. Finally, under several assump-
tions on the weight coefficients and the 
activation functions, the existence of the 
energy function is proved for two spe-
cific types of Clifford neural networks.

Chapter 7 provides a meta-cognitive 
learning algorithm for a single hidden 
layer CVNN, called Meta-cognitive Fully 
Complex-valued Relaxation Network 
(McFCRN), consisting of a cognitive 
component and a meta-cognitive one. 

First, it is explained that the learning 
strategy of the neural network (cognitive 
part) is controlled by a self-regulatory 
learning mechanism (meta-cognitive 
part) through sample deletion, sample 
learning, and sample reserve. After the 
drawbacks of the conventional 
meta-cognitive CVNNs such as Meta-
cognitive Fully Complex-valued Radial 
Basis Function Network (McFCRBF) 
and the Complex-valued Self-regulatory 
Resource Allocation Network (CSRAN) 
are pointed out, the learning algorithm of 
McFCRN is presented with a pseudo-
code. The performance of McFCRN is 
evaluated in a synthetic complex-valued 
function approximation problem and 
benchmarks of real-valued classification 
problems, in comparison with the other 
existing methods.

In Chapter 8, a multilayer feedforward 
neural network with multi-valued neu-
rons (MLMVNs), found in the mono-
graph [4], is applied to brain-computer 
interfacing (BCI) aiming at extracting 
relevant information from the human 
brain wave activity. Following a general 
introduction to the concept of BCI using 
EEG recordings, a particular type of BCI 
based on Steady-State Visual Evoked 
Potential (SSVEP) is focused, in which 
the EEG signals are obtained as responses 
to the target stimulus, flickering at a  
certain frequency. Subsequently, the 
MLMVN is presented to decode the 
phase-coded SSVEP-based BCI.  
The performance of the MLMVN is 
demonstrated to show a better result 
compared with other methods in terms 
of decoding accuracy.

In Chapter 9, complex-valued 
B-spline neural networks are developed 
to identify a complex-valued Wiener 
system, which comprises a linear 
dynamical model followed by a nonlin-
ear static transformation. A CVNN 
based on B-spline curves consisting of 
many polynomial pieces is presented to 
estimate the complex-valued nonlinear 
function in the complex-valued Wiener 
model. For identification of the system, 
an algorithm to estimate the parameters 
is given based on Gauss-Newton 
method with the aid of De Boor algo-
rithm. An algorithm to compute the 
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inverse of the estimated nonlinear func-
tion is also presented. The performance 
of the presented method is demon-
strated in the application to the design 
problem of the digital predistorter in 
wireless communication system, which 
compensates the distortion caused by 
the high power amplifiers with memory.

Chapter 10 is about a quaternion 
fuzzy neural network for view-invari-
ant color face image recognition. First, 
conventional face recognition systems 
are briefly reviewed. Second, several 
face recognition systems are introduced, 
including Principal Component Analy-
sis (PCA), Non-Negative Matrix Fac-
torization (NMF), and Block Diagonal 
Non-Negative Matrix Factorization 
(BDNMF). The view-invariant color 
face image recognition system combin-
ing a quaternion-based color face 
image correlator and a max-product 
fuzzy neural network classifier is then 
presented. Finally, the presented 
method is shown to outperform con-
ventional methods including NMF, 
BDNMF, and hypercomplex Gabor fil-
ter in classifying view-invariant, noise 

influenced, and scale invariant color 
face images from a database.

In summary, this book contains a 
wide variety of hot topics on advanced 
computational intelligence methods 
which incorporate the concept of 
complex and hypercomplex number 
systems into the framework of artificial 
neural networks. In most chapters, the 
theoretical descriptions of the method-
ology and its applications to engineer-
ing problems are excellently balanced. 
This book suggests that a better infor-
mation processing method could be 
brought about by selecting a more 
appropriate information representation 
scheme for specific problems, not only 
in artificial neural networks but also in 
other computational intelligence 
frameworks. The advantages of CVNNs 

and hypercomplex-valued neural net-
works over real-valued neural networks 
are confirmed in some case studies but 
still unclear in general. Hence, there is a 
need to further explore the difference 
between them from the viewpoint of 
nonlinear dynamical systems. Never-
theless, it seems that the applications of 
CVNNs and hypercomplex-valued 
neural networks are very promising.
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